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Abstract 

The invariant approach is a powerful method for studying CV violation for specific La- 
grangians. The method is particularly useful for dealing with discrete family symmetries. 
We focus on the CF properties of unbroken A(27) invariant Lagrangians with Yukawa-like 
terms, which proves to be a rich framework, with distinct aspects of CP , making it an ideal 
group to investigate with the invariant approach. We classify Lagrangians depending on 
the number of fields transforming as irreducible triplet representations of A(27). For each 
case, we construct CV-odd weak basis invariants and use them to discuss the respective 
CFproperties. We find that CF violation is sensitive to the number and type of A(27) 
representations. 
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1 Introduction 


The origin and nature of CV and its violation remains a mystery both within and beyond 
the Standard Model (SM). In addressing the question of CVit was observed some time 
ago that phases which appear in the Yukawa matrices for example are not robust indica¬ 
tors of CV violation since their appearance is dependent on the choice of basis. On the 
other hand, physical CV violating observables only depend on particular combinations of 
Yukawa matrices which are invariant under different choices of basis. Such weak basis 
invariants, which have the property that they are zero if CV is conserved and non-zero 
if CV is violated therefore provide unambiguous signals of CV violation which are closely 
related to experimentally measurable quantities. The use of such CV-odd weak-basis 
invariants (CPIs), rather than particular phases in a given basis, is generally referred to 
as the Invariant Approach (lA) to CV violation. 

In the lA to CV violation , one starts by separating the full Lagrangian of the theory 
in two parts, one denoted Ccv that is known to conserve CV , typically the kinetic terms 
and pure gauge interactions and the remaining Lagrangian, denoted Crem.- The 

crucial point is that Ccv allows for many different CT* transformations and as a result, 
CVis violated if and only if none of these CT* transformations leaves Crem. invariant. In 
the case of the SM, Ccv includes the gauge interactions and the kinetic energy terms, 
while the relevant components of Crem. are the Yukawa interactions. Using the lA, one 
can readily derive some specihc conditions that the Yukawa couplings have to satisfy in 
order to have CV invariance. It is well known that the Yukawa couplings in the SM have 
a large redundancy which results from the freedom that one has to make redehnitions of 
the fermion helds which leave the gauge interactions invariant but change e.g. the quark 
Yukawa couplings Y^, without changing the Physics. The great advantage of the lA is 
that it allows one to derive CPIs which, if non-vanishing, imply CV violation. In the SM, 
it has been shown that the relevant CPI is Tr [iP^, where we dehne the Hermitian 
combinations Hu = YuY^ and Hd = For the 3 fermion generation case this CPI 

leads to the Jarlskog invariant [^. The lA can be applied to any extension of the SM, in 
particular to extensions of the SM with Majorana neutrinos [^. 

It should be emphasised that the lA not only enables one to verify whether a given 
Lagrangian violates CV , but also provides an idea of how suppressed CV violation might 
be. A notable example is the possibility of showing why CVin the SM is too small to 
generate the baryon asymmetry of the Universe (BAU). One simply observes that the 
dimensionless number Tr [AAjAfl, is of order where we used the Her¬ 

mitian quark mass matrices and v = 246 GeV denotes the scale of electroweak symmetry 
breaking. This dimensionless number should be compared to the size of observed BAU, 
? 7 ,B/n..y ~ 10“^° j^. The lA, leading to basis invariant quantities, also identihes what 
combination of parameters are physical such that, e.g. there is no need to count how 
many phases can be eliminated through rephasing, which can be laborious in compli¬ 
cated Lagrangian, and specially in the presence of family symmetries. 

Recently the use of CPIs, valid for any choice of CT* transformation, was advo¬ 
cated as a powerful approach to studying specihc models of CV violation in the presence 
of discrete family symmetries. Examples based on A 4 and A(27) family symmetries were 

^ The use of CV -like transformations that include a family symmetry transformation was introduced 
in 1^, in an attempt to obtain a connection between quark masses and mixing angles. 
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discussed and it was shown how to obtain several known results in the literature. In ad¬ 
dition, the lA was used to identify how explicit (rather than spontaneous) CV violation 
arises, which is geometrical in nature, i.e. persisting for arbitrary couplings in the La- 
grangian. 

Here we intend both to further highlight the usefulness of the lA in dealing with 
discrete family symmetries and also to systematically explore the CP properties of A(27). 
By using the lA, we are able to construct CPIs independently of the specihc group 
and need to consider the group details only to compute coupling matrices by using the 
respective Clebsch-Gordan coefficients in any particular basis. By combining the coupling 
matrices with the CPIs, basis-independent quantities are obtained which indicate if there 
is CV violation. 

In this paper we explore in depth the CP properties of unbroken A(27) invariant 
Lagrangians using the lA as outlined in (see also the proceedings [^). The method is 
based on [^. We focus on A (27) since it involves many features which may be encountered 
in more general discrete groups, such as complex representations and multiple non-trivial 
singlet representations. It therefore constitutes a rich playground for exploring the lA in 
the case of discrete family symmetries. Although the cases discussed do not represent 
realistic models, since the A (27) is unbroken, the work here lays the foundation for future 
models based on spontaneously broken A (27). 

Following the lA we consider several cases that highlight how the CP properties depend 
both on the held content and on the type of contractions considered (which may be 
controlled e.g. by additional symmetries, even though here we don’t always consider those 
explicitly). We focus on tri-linears terms, which we refer to as Yukawa-like couplings, 
keeping in mind that most (but not all) cases considered are meant as fermion-fermion- 
scalar terms. We start by considering Lagrangians with just A(27) singlets where the 
lA identihes the relative phases that are physical, and then concentrate on Yukawa-like 
terms involving a triplet, an anti-triplet, and a singlet. 

When the Yukawa-like couplings are between triplet, anti-triplet and singlet, we study 
cases with a single independent triplet, with independent triplet and anti-triplet, and with 
three or more independent 3-dimensional irreducible representations. Some of the cases 
considered are similar to adding A(27) to a type II 2 Higgs doublet model (2HDM) [^or 
N Higgs doublet model (NHDM). For each of these frameworks the lA allows to identify 
if the Lagrangian has the possibility to explicitly violate CP, how this depends on how 
many different A(27) singlets are coupled, and what CPIs are relevant and non-vanishing 
when there is CP violation. This serves to further illustrate the convenience and power 
of the lA for the study of CP properties of specihc Lagrangians. 

The layout of the remainder of this paper is as follows. In section we briehy review 
the lA to CP in family symmetry models. We continue with the group theory of A(27) 
in section Section considers just singlets. In section the held content includes one 
triplet. Two triplets are considered in detail in sectionj^ where we diherentiate also based 
on the number and type of singlets present. We generalise to three triplets in section 
and to four and more triplets in appendix For comparison with the lA, we present 
some examples of specihc CP matrices in appendixFinally we conclude in section]^ 

^See e.g. for a review. 


2 



</> 


cv 

-► X(/)* 


9' 

p{9')(t^ = 

Xpigyx-^cP 


9 


— xp{9ry* 

Cp-i 


Figure 1: The CV transformation X is consistent with the group G, as following it with the transformation 
p{g) associated with element g of G, and then with X~^, is equivalent to the transformation p{g') 
associated with some other element g' of G. 


2 Invariant approach to CV in family symmetry mod¬ 
els 


As mentioned in the introduction, the lA as outlined in is based on [^, where to 
study the CV properties of a given Lagrangian one starts by splitting it 


C 


C-cv 


+ C 


rem. 5 


( 1 ) 


where Cq-p denotes the part that is known to conserve CV (kinetic terms and gauge interac¬ 
tions, as pure gauge interactions conserve CV Crem. iucludes non-gauge interactions 
such as the Yukawa couplings. A review of how the lA is applied to the Standard Model 
(SM) lepton sector can be found in [^, which also includes its application to a model 
of spontaneously broken A 4 and to a model of A (27) which features explicit geometrical 
CV violation. 

In this paper we study many different Lagrangians invariant under unbroken A (27), 
relying on the lA. As pointed out in [^, the presence of a family symmetry does not 
change the most general CP transformation which leaves invariant Ccp - these are the 
kinetic terms and the gauge terms which are flavour blind. Before continuing with the 
lA, a relevant question is what role is played by the consistency relations 10,11 in this 
type of analysis. 

The consistency relations can be obtained by considering that a Lagrangian invari¬ 
ant under both a family symmetry and a CP symmetry should be the same whether 
one considers doing a consistent CP transformation before or after a family symmetry 
transformation. The concept is illustrated in Fig. [T] for a field 0. When this is considered 
rigorously one obtains a relationship between CP transformations X and family symmetry 
transformations p{g) 


Xp{grX-^ = p{g'), g'eG. 


( 2 ) 


If we hnd an explicit CP transformation that leaves the Lagrangian which respects some 
family symmetry G invariant (even one is enough) then we can be quite sure that the 
theory conserves CP as well as respecting the G. In this case the consistency relation in 
Eqj^is automatically satished. This is clear since under a CP transformation, followed by 
a family symmetry transformation, followed by another CP transformation, etc., leaves 
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the Lagrangian invariant, 


( 3 ) 

The consistency of CV and G is clear since the Lagrangian is left invariant at each stage. 
However we can be even more explicit than this in order to demonstrate the equivalence 
of the two approaches. 

Consider a mass term m in the Lagrangian, then dehne 

H = mm) . (4) 

Suppose that the Lagrangian is invariant under some family symmetry transformation, 
p{g)-, then this implies that the mass term in the Lagrangian remains unchanged under 
a family symmetry transformation and hence 

p(aYHp(a) = H. (5) 

The condition for the invariance of the Lagrangian under a CV transformation, X, requires 
that the mass term swaps with the H.c. mass term hence, 

X^HX = H*. (6) 

Taking the complex conjugate of Eqj^we hnd, 

{p{g)^yH*p{gy = H*=X^HX, (7) 

using Eqj^ for the last equality. From Eqj^ and Eq|^ we obtain, 

{p{g)^yX^HXp{gy =X^HX, ( 8 ) 

hence 

X(p(g)'YX^HXp(gyX' = H = p(g')'Hp(g') , (9) 

where we have used Eqj^ but for a different group element g' in the last equality. By 
comparing both sides of Eq|^ we identify, 

Xp(gyx' = p(g') , (10) 

which is just the consistency condition in Eqj^ 

As we further illustrate in the following sections, using the lA one need not specify a 
CV transformation. For a given Lagrangian it is sufficient to input the invariance condi¬ 
tions imposed by the symmetries. This makes the lA very useful to study CP violation 
in the presence of family symmetries. 


3 A(27) group theory 


The group A(27) |l2f|l4|, a member of the A( 3 ? 7 ,^) subgroups of SU{3) llA, 16 , has 


featured prominently in studies related with CV. It leads to geometrical CV violation 
as shown in 12 and 17-21 , a feature that was analysed using different methods by 
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In addition, the CP transformations consistent with A(27) triplets were 
presented in (^ . 

Using the lA, found that a specihc A(27) invariant Lagrangian features a different 
type of geometrical CV violation, where CV is explicitly violated (rather than sponta¬ 
neously). In this paper we go beyond this result, considering many A(27) invariant La- 
grangians to study in depth how the interplay between A(27) and CV changes depending 
on the representations and how they couple with one another. 

To do so, some understanding of the group properties is required. A(27) has three 
Z 3 generators but we only need to use two, which we refer to as c (for cyclic, 

with = 1 ) and d (for diagonal, with d? = 1). This notation refers to their respective 
3-dimensional representation matrices in the basis we use. We dehne oj = . Starting 

with the 9 distinct singlets which we conveniently label as lij, the generators are repre¬ 
sented by Ci-^. = cj* and di-^ = for that particular singlet. A held transforming as a 
loo (trivial singlet) is explicitly invariant under A(27) transformations, and the other 8 
singlets simply get multiplied by the respective powers of u when acted upon by c or d. 
The other irreducible representations of A(27) are triplets, two distinct ones which we 
take as 3oi and 3 o 2 - The generator c is represented equally for both 


11,22-24 


/O 1 
= 00 
Vl 0 



( 11 ) 


d is represented as a diagonal matrix with entries that are powers of a;, with the exponents 
denoted by the indices of the triplet representation 

/w* 0 0 \ 

= 0 0 . (12) 

\o 0 w—y 


The determinant of the matrices is 1 (A(27) is a subgroup of SU{3)) and the two indices 
identify d^^-^ = diag(l,w,w^), d^^^^ = diag(l,a;^,a;). The representations 3oi and 3 o 2 
behave as a triplet and anti-triplet, so in analogy with SU{3) we refer to them mostly as 
the 3 and 3 representations. The subscript notation is useful to remember the powers of u 
that each component transforms with under d ^., so we refer to it occasionally throughout 
the paper, e.g. if we take A = ( 01 , 02 , 03)01 transforming as triplet 3 = 3oi and B = 
(bi, &2, ^ 3)02 transforming as (anti-)triplet 3 — 3 o 2, the explicit construction of the trivial 
singlet is (Ai?)oo = (0161 -|- O 2&2 + a 3 (^ 3 )oo- This can be verihed by acting on A and 
B with generators c and d and checking that the prescribed {AB)qq remains invariant. 
Indeed, 3 (g) 3 = j ^ij rules for constructing the non-trivial singlets from triplet 
and anti-triplet follow 


(02&1 -l- 0362 + 0163)01, 

(13) 

(0162 -l- 0263 -l- 0361)02 , 

(14) 

(0161 -f 1:0^0262 -l- 1:00363)10 , 

(15) 

(0261 -l- (0^0362 -l- (00163)11 , 

(16) 


^Spontaneous geometrical CP violation has also been found in other groups 
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{uCaib2 -\- Ci;a2&3 -b n3&i)i2 > 

(17) 

(ai^i + uja2b2 + 1^^03^3)20 ) 

(18) 

(a2&i + U]a3b2 + U]‘^aib3)2i , 

(19) 

{ujaib2 -f- uPa2b3 + 0361)22 • 

(20) 


All these can be verified by acting on the triplets with the generators and tracking how 
each prodnct transforms. 


4 Just singlets 

To illustrate how the lA would proceed, we start by considering Yukawa-like terms with¬ 
out A(27) triplets. Throughout we refer to fields transforming as singlets under A(27) 
as hij where the subscript refers to the field being assigned as a Ijj under A (27). 

A simple example where the field content is hoo, hoi, hio would have Yukawa-like 
terms 


Cm —^oohoohoohoo + ^oihoihoihoi -l- ^lohiohiohio 

+?/oohoohoohoo + 2 / 01 ^ 00 ^ 01^01 -|- 2 / 10 ^ 00^01 hji -|- H.c.. (21) 

It is clear there are further A(27) invariant terms such as hoohoo, but for the sake of 
illustrating the lA we consider the CT* properties of the Yukawa-like terms in Cm by 
itself as the only part of the full Lagrangian that can violate CV (i.e. as the Crem. for 
this case). The next step in the lA is to consider the most general CP transformation 
for each field consistent with the kinetic terms etc., in this case this means each singlet 
transforms with its own phase which we denote as Pij 

( 22 ) 

When we apply these transformations on Cm and demand it remains invariant, we obtain 
a set of necessary and sufficient conditions for CV conservation restricting the parameters 
in Cm 


.y oiSPOO _ .y* 

^00 C — ^00 1 

(23) 

y „i3p01 _ y* 

ZQie — Zqi , 

(24) 

zioV^P^° = zIq , 

(25) 

2 /ooe'^“° = 2/00 

(26) 

2/oie'^°° = , 

(27) 

2/ioe™=2/to- 

(28) 


We note that the CV conservation conditions on couplings 1/01 and 1/10 are indepen¬ 
dent of poi) Vio- To build CPIs we combine conditions that cancel dependence on the 

^We are limiting ourselves to tri-linear terms even for field contents only with scalars, because we are 
keeping in mind renormalisable Yukawa terms. 
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CV transformations, which involving y^i and yiQ reqnires only the cancellation of all de¬ 
pendence on Poo- A simple and nsefnl CPI is then Im[poi2/io]) as 

yoivlo = {ymy\oT Im[poil/to] = 0) (29) 

where the yij are complex nnmbers so yjj = y*y The CPI vanishing is a necessary (bnt not 
necessarily snfficient) condition for CV conservation and it constrains the relative phase 
between the two conplings. 

There are also CPIs of this type constraining the relative phases between poo and the 
other two conplings. CPIs involving zqq can also be bnilt noting that the CPI needs 
to cnbe the other conplings e.g. \m[zQQyf^], as 

4o4 = (4o2/p)* ^ Im[^oo2/S] = 0 • (30) 

If any of these CPI are non-zero, then CP is violated. Other CPIs like Im);^^;^*^] (or 
Ini[pijp*j]) do not provide nsefnl constraints as they antomatically vanish. 

As a hrst generalisation of Cm we add a held ho 2 . This allows a mixed invariant whose 
conpling constant will be sensitive to the CP transformation of the non-trivial singlets. 
We continne to consider only Ynkawa-like terms in Crem. so we write 

Civ = Cm + (^ 02 ^ 02 ^ 02^-02 + ?/o 2 hooho 2 ho 2 + 1 / 1 ^ 00 ^ 01^02 + H.c.). (31) 

The new CP conditions are 

^ 026 '^^°^ = ^2 , (32) 

?/ 02 e™ = y* 02 , (33) 

^^gi(P00+P0i+P02) ^ y* _ (34) 

With the added conplings, we have from the direct generalisations of Eq.j^CPIs involving 
P 02 like 


Im[pool/o2] ) 

(35) 

Im[po2Poi] , 

(36) 

Im[poi2/o2] , 

(37) 


which constrain the relative phases of the yij conplings. It is however not possible to 
obtain snch simple, nsefnl constraints on the relative phase of the mixed conpling pi, 
becanse it involves poi and po 2 - The simplest CPI, Im[pipi*] antomatically vanishes and 
is therefore not nsefnl. The conclnsion from this CPI alone wonid be that the phase of 
Pi is nnconstrained by reqniring Civ to conserve CP. However, we note that by nsing a 
more complicated invariant involving zqi, Z 02 and either zqo or 3 insertions of any p^, we 
can bnild non-trivial CPIs involving pi, snch as 

Im[p^Zoo^oi^o2]) (38) 

lm[yfy*fz*^z*2] . (39) 

The sitnation involving the conpling of mixed terms of the type pi qnalitatively 
changes if there are snfficient mixed terms. Consider now a held content with all 9 
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A(27) singlets hij. To reduce the number of allowed terms we may impose a symme¬ 
try where each hij transforms equally. Such a Z 3 symmetry forces yij = 0 (in addition it 
forbids a multitude of other Yukawa-like terms like where h\i would play the 

role of h 22 )- There are 9 Yukawa-like terms like ^oo^oo^oo^oo (one for each singlet). CPIs 
involving the Zij will be like Eq. 38 Focusing solely on the mixed terms like yihoohoiho 2 , 
there are 12 combinations of singlets whose indices add up to a mixed invariant 


^ix = yihoohoiho2 + |/2hoo^io^2o + 1 / 3 ^ 00 ^ 11^22 + ?/4ho0^12h21+ 

1 / 5 ^ 01 ^ 10^22 + 1/6^01^11^21 + 1/7^01^12^20 + 

1/8^02^10^21 + 1/9^02^.11/120 + yioho 2 hl 2 h 22 + 

ynhiohuhi2 + yi2h2Qh2ih22+H.c.. (40) 

The CV conservation condition for each coupling depends on the 3 phases of the respective 
singlets, e.g. 


pi(P00+P01+P02) _ , 

— yi ; 

(41) 

„„pi(P00+Pl0+P20) _ , * 
y2C — ^2 ; 

(42) 

^gei(P0i+Pn+P2i) ^ y* ^ 

(43) 

^^^ei(p02+pi2+P22)^^*^^ 

(44) 

?/liei(P^0+Pn+Pi2) ^ y*^ ^ 

(45) 

j/l2ekP20+P21+P22) ^ y*^ _ 

(46) 


With these conditions it is now possible to combine several of the mixed couplings to 
form a CPI. An example is 

Im[i/ii/ 2 i/ 6 //io//ii//i 2 ], (47) 

meaning this particular combination of couplings is constrained by CV conservation to be 
real. Other combinations of this type can be built from the couplings in Cjx- 


5 One triplet 

We will now consider Lagrangians involving Yukawa-like couplings with just one A(27) 
triplet [^. In order to make invariants, the terms will necessarily involve the conjugate 
of that triplet. In this case it is not possible to construct Yukawa couplings involving a 
A(27) triplet Weyl fermion. If F ~ 3, while we do have ~ 3, the A(27) invariant 
of type {FF'^)ijhki is not itself invariant under Lorentz symmetry as e.g. F ( 1 / 2 . 0 ) 
implies F^ ~ (0,1/2). We construct the Lagrangian with one scalar triplet ~ 3 and 2 
scalar singlets /ioi, //-lo, such that the Yukawa-like terms are 

^2s = //Ol(00*)o2/^O1 + //io(00*)2o/^io + H.C. . (48) 

The most general CV transformations are 

hoi —)■ , 

hio —t , 

0 ^ U*(t)* , 
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(49) 

(50) 

(51) 



where U is a general unitary matrix. Assuming CV invariance of £ 2 ^ and using matrices 
Yij corresponding to the couplings yij we have 


= Y*, , 

U^YioUe^P^° = Y*q . 

We can build a useful CPI for this Lagrangian 

J2. = ImTr(Foino>^o\>^i 


10; 


(52) 

(53) 

(54) 


The CPI applies for any matrices Iqi and Yio- Imposing A(27) invariance we have from 

Eq.n:^ 

/O 1 0^ 

Eoi = 1/01 0 0 1 I , (55) 

\1 0 0. 


/I 0 0 

hio = 2/10 I 0 cj 0 

\0 0 oj^. 

which we input into hs and obtain 

hs = Im(3w^|9oilt9lot) ■ 


(56) 


(57) 


Finding a non-vanishing CPI means that CV is violated, which clearly happens for any 
non-zero values of j /01 and yio. Given that CVis explicitly violated by a phase only 
originating from the group structure and not from arbitrary Lagrangian parameters, this 
is a minimal case with explicit geometrical CV violation . 

it was pointed out that A(27) provides an example of a group where not 


In 22 


all Clebsch-Gordan coefficients can be made real by a change of basis, when several 
of the singlets are used. Indeed, this fact was already referred in the earlier A (27) 
works 19 -21 where CP is violated spontaneously and therefore only a few singlets were 


used. The change of basis analysis presented explicitly in further clarifies the connec¬ 
tion between the inevitability of complex Clebsch-Gordan coefficients (which are basis- 
dependent) and the presence of multiple singlets. The physical consequences are of course 
basis-independent as illustrated elegantly in the invariant approach, and depend crucially 
on the field content, not just of singlets but also of triplets as shown in the following sec¬ 
tions. 


6 Two triplets 

We continue our exploration of unbroken A (27) invariant Lagrangians with Yukawa-like 
terms by considering in detail the class with two distinct 3-dimensional representations. 
We take these to be explicitly a triplet Q ~ 3 and an anti-triplet ~ 3. 

The notation we are following is suggestive of identifying the 3 and 3 as fermions, 
as considered in [^. Nevertheless, it is also possible to consider just scalars [^, or that 

®This is mostly equivalent to introducing another triplet d, whose H.c. would transform as an 
anti-triplet. 
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one of the triplets is a scalar and Yukawa couplings are formed by having A(27) singlet 

The conclusions we derive with the lA apply to all 


21 


fermions, as considered in 17 
cases. 

As a further point of notation, if e.g. Q does refer to the SM quark helds, the most 
general CV transformation consists in 


(CV)Q(CV)^ = iU'tXQ 


(58) 


Here we need not specify if Q is a fermion or scalar, and in particular we are more con¬ 


cerned with identifying which matrix corresponds to each held (in Eq. 58, U corresponds 
to Q). For these reasons we use a simplihed notation along the lines of 


Q ^ CVQ = UlQ* 


(59) 


which is exact for scalars, and is more convenient to identify which general CV transformation 
corresponds to each held (in Eq. 59, Uq corresponds to Q). 


We assume the Crem. part of me Lagrangian consists of Yukawa-like terms between 
triplet Q ~ 3, anti-triplet <V ~ 3, and singlets hij ~ lij. 

This class of Lagrangians is a good framework to illustrate several interesting points, 
so we go into some detail of what happens when varying the number of coupled singlets. 
The hrst model we consider of this type is with Q, dC and 2 singlets hio and hoi [s] 


— yw{QdC) 2 ohiQ -\- yoi{Q(V)o 2 hQi + H.c. 


(60) 


6.1 Adding a specific CP symmetry 


Before applying the lA to Lagrangians of this type, lets consider what happens when 
applying a specihc CV transformation. 

Arguably the simplest CV transformation is the trivial CV transformation, which we 
refer to as CVi. This corresponds to Uq = 1 in Eq. 59, i.e. 


Q^CViQ = Q* = {Ql,QlQ 


3 J 02 , 


(61) 


where we used the subscript to denote that Q* transforms as a 3 = 3o2, given that under 
action by generator d, Q 2 —t UJQ 2 and therefore we must have —>■ under d (as 

expected from complex conjugation). Similarly, 


CVid'^ = d^* = {dl*,d^*,dl*)oi. 

For the two A(27) singlets hiQ and hoi in £3 


(62) 


CViho =hlo, (63) 

CVihoi =h*i, (64) 

where the conjugated versions transform under A(27) as I 20 and I 02 respectively. This 
means that under the trivial CP transformation all four helds go into their respective 
conjugate A(27) representations. 

^Indeed it is relatively straightforward to forbid additional tri-linears if these are actually Yukawa 
terms between fermions and scalars. 
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The Yukawa-like terms in £3 are explicitly invariant under A (27) and |/io, 2/01 are 
arbitrary complex numbers. We now impose additionally that £3 is invariant under CVi. 
For the j /10 coupling, expanding from Eq. [T^ and using Eq. 

yio{Qid'{ -\- uQ 2 d 2 + ^^Q3d^)2ohio —)■ yioiQidl* + uQ^d^* + uj‘^Q’^d'^*) 2 ohlQ . (65) 


61 62 63 


In identifying how {Qd'^) 2 o has transformed under CVi, note the CPi-transformed product 
{Qd'^) 2 o still transforms as a I 20 under A(27), as it picks up a phase of when acted by 
c. For the j /01 coupling, expanding from Eq. and using Eq. [M 


?/0i(Qi<^2 + Q2dl + Q3<^i)o2^01 yoliQld'^* + Q^df + Q3^r)oi^01 


( 66 ) 


In contrast, because of the action in Eq. d^* picks up a phase u when acted by d, 
we identify that the £Pi-transformed product (Qd'^)o 2 transforms as a Iqi under A(27). 
What are then the physical consequences of imposing CVi on the A(27)-invariant £3? 


We need to compare Eq. [65] and Eq. [^to the H.c. part of £ 3 . In the case of Eq. [ 66 ] this 
reveals exactly the same expression, except that y^^ appears, therefore the conclusion 
is clear - imposing CVi on £3 forces y^^ = yoi. However, when we compare what we 


obtained in Eq. 65 to 


yUQl'iT + + t^QX)nihi„ , 


(67) 


the only way to make the expressions match (to have £3 be invariant underCPi) is to 
require y^Q = yio = 0. That there is some incompatibility with yiQ was already hinted at 
by the fact that Eq. |^is explicitly not invariant under A(27), which we denoted through 
the subscripts - (...) 2 o transforms as a I 20 , as does 

Our interpretation of these results is not that CVi becomes incompatible with A(27) 
when the theory includes held hiQ together with Q and d^. Rather, that it is always 
possible to add CVi to a A(27) invariant Lagrangian regardless of the held content, but 
we interpret this result as indicating that there will be physical consequences on the 
couplings that make the theory consistent by making the Lagrangian invariant under the 
full symmetry imposed. In other words, it is more correct to state the incompatibility is 
not with the held content but rather with the couplings. 

That CVi restricts £3 does not mean that CV is violated though, and in fact a 
CP transformation can be dehned that leaves the Lagrangian invariant. A good way 
to check £3 is CV conserving is to use the lA. Before doing so, lets examine the ehects 
of another possible CP transformation CP 2 , keeping the same transformations as CPi for 
the singlets but where the triplet transforms as 


Q CV2Q — Q'* — (Qi, Q3, <52)01) 


( 68 ) 


where some components swapped positions. Similarly, 


cp^d‘ = d'“ = (dr,d‘’,d‘’)^ 


(69) 


Note that unlike what happens with CPi, given that under action from generator d we 
have Qs —)■ co'^Qs and therefore Ql —>■ uQl, this Q'* transforms as a 3 = 3oi, and similarly 
this d'^* transform as a 3 = 3 o 2 - 
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Checking how the £3 terms transform nnder CVi we have 
PioiQi^i + ojQ2d2 +1^^(53^3)20^10 —t yioiQldl* + ujQ^d^* + ci;^( 52 <^ 2 *) 10^10 • 

In identifying how {Qd'^) 2 o has transformed under CV 2 , it now picks up a phase of u when 
acted by c. The other combination 


2/Oi(Qi<^ 2 + ^2^3 + (53<^l)o2hoi —?• VoiiQid'^ + Q^d'^ + Q2di*)o2hQi , 


(71) 


and one can verify that the {Qd '^)20 has transformed under CV 2 into an expression that 
picks up a phase of when acted by d. By comparing Eq. 70, 71 we conclude that by 


imposing CV 2 invariance on Eq. 60 we are forcing yio to be real and yoi = 0 (contrast 
with CVi). 

While we used A(27) and CVi (and CV 2 ) in this explicit example, our interpretation 
is general - we have the freedom to impose any family symmetry (discrete or not) together 
with any CP symmetry. Eventually what may happen in extreme cases, is that it will 
not be possible to form non-trivial combinations that are invariant under both symme¬ 
tries. We feel it is important to stress that in this interpretation, the CP symmetry is 
consistently treated equally to other symmetries - the transformation is dehned and it 
has consequences for the Lagrangian. 

It is important to stress again that even if imposing a specihc CP symmetry on a 
theory restricts the couplings of the Lagrangian, this does not mean that the Lagrangian 
violates CP. £3 is an example of that as we now show using the lA. It is convenient to 
hrst rewrite £3 in terms of coupling matrices Lqi and Yio 


£3 = QWod'^hio + QYoid^hi + H.c ., 

and to specify the general CP transformation properties 

hoi —t , 

hio —t , 

Q UqQ* , 

d" ^ Udd^"* . 


(72) 


(73) 


One can verify that CPi and CP 2 are particular cases of this general CP transformation. 
Imposing invariance under the general CP transformation requires 

t/QhoiP,P^“i = 15 * 1 , (74) 

= ^0- (75) 

We again wish to build combinations of the Yukawa-like couplings that eliminate the 
dependence on the general transformation. Unlike what we considered with CPi and 
£ 7 ^ 2 , Q and P transform in general with distinct unrelated matrices. This forces CPIs 
to alternate between fyj and Y^-^. It is therefore convenient to dehne the Hermitian 
combinations Gij = and Hij = YijY^- (similar Hermitian combinations appear in 

the SM CPI, Tr [i7„, They are useful because general CP invariance requires 

= G*,, 

UqH„u'q = H’j , 
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(76) 

(77) 






involving for each only the matrix associated with and Q, respectively. 

The CPIs are of the type (with integers rii) 

(78) 

(79) 


ImTr[G;;GSGS(„.)], 


When referring to CPIs of this type we are including also CPIs like 

ImlV |GSy„*,i/SK„iGSGS(.,.)], (80) 

ImlV [G«Y;„Y„yG”YlYu,G'S(..:)]. (81) 


The hrst one alternates between Gqi and Hiq by having a single additional in the 
middle, and eventually goes back to Gqi due to the lone Toi that is required to cancel 
the dependence on poi- The second one is similar by having ^ 10^01 between Gqi, then 
requiring Yq^Yiq somewhere else in order to cancel the dependence on pqi, piQ - note the 
ordering of the inserted Yij and Y^i is not arbitrary. It is also possible to mix and match 
odd and even insertions of Y^j and 

ImlV iG;;y/„y„,GSK„\ff;f y,„GS(...)|. (82) 


We refer to the more complicated CPIs as being of the type Eq. 78 
are obtained by iteratively inserting some Gij or Hij inside an existing G 
separating the constituent Y^i and Y^^. 


79] because they 
or Hki, thus 


kl 


When considering the Yukawa-like matrices that comply with A (27) invariance 


Toi — Voi 



1 

0 

0 



/I 0 

Tio — 2/10 I 0 oj 
\0 0 



5 


that we have seen before, we have 


Goi — Hqi — Gio — Hiq — 1 , 


(83) 


(84) 


(85) 


and it is possible to check that all these CPIs vanish automatically, for any complex |/io, 
2 / 01 . Therefore £3 conserves CV for any ?/io, 2/01 > even though it is not in general invariant 
under some of the particular CT* transformations like CVi and CV 2 - 


6.2 Two singlets 


The conclusion is a bit more general and applies beyond the pair of singlets hoi and hiQ. 
Using the lA it is relatively easy to verify that a Lagrangian of type £3 automatically 


^°E.g. start with Eq. 
obtain Eq. 


80 


78 


and split one of the Gqi in the middle with 


Or in reverse, remove from Eq. 


82 


and redefine the integers to 
which allows an ifgi to be created and included 


into HqI by redefining the integers and arrive back at Eq. 80 - which can then be related with Eq. 


78 
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conserves CV for any two singlets A(27) (even if a specific CV like CVi imposes restrictions 
on these Lagrangians). The held content is then Q, and any two singlets hij, hki. There 
are only two Yukawa-like terms and associated matrices 


4 = + QYkid^hki + H.c.. (86) 

The CPIs are trivial generalisations of the previous cases, e.g. 

ImTtlGl'GlfGZn-)], 

ImTr[ff”‘if”, 

and the other types discussed above. Due to invariance under A(27) we have 

Gij = Hij = Gki = Hki = 1 , (89) 


(87) 

( 88 ) 


regardless of the singlets used. Using these relations allows one to conclude that all of 
these CPIs automatically vanish for any couplings yki-, meaning CV is automatically 
conserved in Lagrangians of £3 type - Yukawa-like couplings of any 2 A (27) singlets to 2 
triplets. However, the possibility for explicit CV violation exists for 3 singlets and beyond 
- see also 22,24 , but note that the conclusion depends on the number of triplets as well 


(e.g. 2 singlets are sufficient to violate CP in the presence of only one triplet [ 8 ]). 


6.3 Three singlets 

Applying the lA to Lagrangians of £3 type with 3 singlets allows us to identify explicit 
geometrical CV violation. In this case we change notation from triplet Q and anti-triplet 
P to the notation used in the model of [^, to allow an easier comparison. We introduce 
the SM fermions £ ~ 3 and also ~ 3 and singlet scalars hoo, hoi, hiQ. This model is 
a model of leptons, with a charged lepton Lagrangian that gives in this basis a diagonal 
mass matrix, with a A (27) triplet scalar 0 ~ 3 


- l/e(”h0)oo Coo - 2//.(£0)o1 £^2 “ 2/r(£0)o2 Tq! + H.C. . (90) 

We focus here on the CV properties of the neutrino Lagrangian £ 3 ^ 

Gss = yoo{LH)oohQQ + yoi{LH)Q 2 hQi + yio{LH) 2 ohiQ + H.c.. (91) 

This is similar to the £3 Lagrangian, with Yukawa-like terms between the triplets and 
the singlets. The general CV transformations are 

(92) 

hoi —t e'^°^hoi, (93) 

hio —t e^^^°h^o 5 (94) 

L^UlL*, (95) 

z/" ^ . (96) 
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Assuming CV invariance of £ 3 ^ and expressing the couplings in terms of Yukawa matrices 
Yij, the CP conservation requirements are 


= >"00, (97) 

= Yo*i, (98) 

= yro- (99) 


A(27) imposes 


/I 0 

Too — 2/00 I 0 1 

\0 0 

/O 1 

7oi — 2/01 0 0 

Vl 0 

/I 0 

Tho = 2/10 0 uj 

\0 0 



( 100 ) 


( 101 ) 


( 102 ) 


Because we have 3 Yukawa matrices, we can build a CPI that does not involve Gij or Hij 
combinations 


h. = ImTr (looUYioUYoiPo) ■ 


(103) 


This CPI is qualitatively different from the ones that could be built with only 2 matrices. 
Indeed if we calculate it for this particular choice of 3 singlets 


hs — Im(3a;^||/oon2/oin2/ion • 


(104) 


This means that in general, for arbitrary (non-zero) couplings, this Lagrangian violates 
CV as the condition Vs = 0, necessary for CV conservation, is not fulhlled. This is the 
case originally identihed to have explicit geometrical CV violation in , with the phase 
appearing in Vs independent of the arbitrary phases of couplings. 

We can again check what are the consequences of adding specihc CV transformations, 
this time to a Lagrangian where explicit CV violation is possible. From the analysis of the 
rather similar £3 Lagrangian, we can conclude that imposing CVi to £ 3 ^ leads to j /10 = 0, 
and that imposing CV 2 leads to j /01 = 0 . As may have been expected, both make Vs van¬ 
ish. This is a clear demonstration of the meaning of adding different CV transformations 
- both lead to CV conservation but not necessarily the same consequences. 

The type of CPI exemplihed in Vs is very useful in the study of Yukawa-like terms 
between triplet, anti-triplet and singlets. For CP to be conserved it is necessary that it 
vanishes. In cases with with 3 A (27) singlets, it is also sufficient that the respective CPI 
vanishes for this type of Lagrangian to conserve CP . The combinations of 3 singlets that 

^^Consider Yukawa-like couplings involving Q, V and singlets /iqi, /iio and /120 in the basis where these 
singlets correspond to Iqi, lio and I 20 of A(27) respectively, then impose CVi in that basis. The two 
couplings 2/10 and 2/20 are forced to vanish. Conversely, CV 2 forces only one coupling to vanish, 2 / 01 - If 
one changes the basis it may be that e.g. CVi is no longer associated with the 1 matrix in the new basis, 
but it will nevertheless force two couplings to vanish whereas CV 2 forces only one coupling to vanish. 
See 1^ for more specific considerations regarding basis changes. 
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automatically conserve CV can be found to be 12 out of the total 84 combinations of 
3 singlets. Curiously, these combinations are the 12 combinations of 3 singlets appearing 
in each of the 12 terms of Cjx in Eq. ^ of Section 

To be clearer, consider explicitly the |/ihoohoiho 2 term in Eq. 

Lagrangian similar to C^s but with singlets hoo, hoi, ho 2 


40 We construct a 


hlssi — 2 /oo(-bz/'^)oohoo + 2 /oi(-bz/‘^)o 2 hoi + |/o 2 (Tz/‘^)oiho 2 + H.c. (105) 

then use Yukawa-like matrices and build the CPI similar to hs 

hs, = ImTr {YooY^,Yo 2 Y^,YoiY^,) . (106) 

Then we repeat these steps for the 1 / 2 ^ 00 ^ 10^20 term in Eq. |^and so on. When inserting 
the conditions imposed by A(27) on the Yukawa-like matrices Yij, these 12 CPIs vanish 
automatically for any values of the Yukawa-like couplings 


hsi — hs2 — (•••) — hsi2 — 0 • (107) 

One can explicitly build CV transformations to prove that indeed the 12 respective La- 
grangians £ 351 , C,^S 2 ) (•••); '^ 3^12 automatically conserve CP (for any values of the 3 
Yukawa-like couplings of each respective Lagrangian). 

As illustrated by Vs itself, the CPIs for the other 3 singlet combinations do not vanish 
automatically and appear with the respective multiplied by a factor of 

3a; or 3a;^. They are further examples of explicit geometrical CP violation. 


6.4 Four or more singlets 

Any choice of 4 or more singlets will necessary include combinations of 3 that would allow 
CP violation. For example, by adding any other singlet to the set hoo, hoi, ho 2 in Cssi, 
we have a singlet with with i 7 ^ 0 and any of the hs -type CPIs involving Yij with Yqo, 
boi, >^02 

ImTl' (K„„K„t,yynt,K„iy,t), (108) 

ImTr (y„iy„'2yyy„\y„2y,;), (109) 

ImTl' {Y„Xi,YyY^,Y«>Yi ), (110) 

each of which falls in one of the 72 cases that are in general non-zero (unless the respective 
couplings are vanishing). 


7 Three triplets 


7.1 Type II 2IIDM with A( 27 ) triplet fermions 

We continue investigating Lagrangians with Yukawa-like terms between triplets and sin¬ 


glets, in the presence of 3 triplets of A(27). In contrast to the situation studied in 17-21 


where there is a scalar A(27) triplet coupling to fermions, we consider a situation where 
we generalise the £3 Lagrangian with additional anti-triplet u'^. The triplet Q ~ 3 now 
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contains the SM quark SU (2) doublets, and two anti-triplets ~ 3 contain the up 

and down quark SU{2) singlets. The scalars are Higgs doublets hu ~ lio and hd ~ loi 
(we deviate here slightly from the notation used for scalars in other sections). With a 
Z 2 symmetry it is possible to have the u'^ couple only to hu and dh couple only to hd, 
leading to a type II 2HDM (see e.g. |^) where the actual Yukawa terms are constrained 
by A (27). The Lagrangian is 

^2HDM = yu{Qu‘^)2ohu + yd{Qd'^)o2hd + H.C. . (HI) 

We express the Lagrangian in terms of Yukawa matrices Yu, Yd and apply the lA to this 
Lagrangian 

hu^^^-hl, 

hd^e^^<^h*,, 

Q ^ UlQ*, 

^ UuU^* , 

d^^ Udd^*. (112) 


The conditions on Yu, Yd from imposing general CP invariance on C 2 HDM are 

UqYuUu(^^- = Y: , (113) 

UgYdUde^^^ = Y; . (114) 

We see that we can without loss of generality redehne Uu to absorb and Ud to absorb 
gipd_ yyg choose then = 1 and redehne Uu, Ud accordingly. In effect what 

this means is that we have, for Yu and Yd, the same type of CV conservation requirements 
that they would have in the SM. So we extrapolate from [^, rely on the Hermitian 
combinations Hu^d = yu^Yud eliminate the dependence in Uu,d 

UqH^uI^ = H:, ( 115 ) 

UqH,uI = , ( 116 ) 

and conclude that Tr \H^, — 0 [d is a necessary and sufficient condition for CP conservation 

for C 2 HDM- We can now use the W and Yd that A(27) would impose 

(1 0 0 \ 

Yu = yu\Q 0 , (117) 

\0 0 cu/ 


which happens to correspond to the usual basis where Hu is diagonal and 


Yd = yd 



( 118 ) 


^^For simplicity, even though Q and are explicitly fermions, we continue using the abridged notation 
of Eq. 


59 


rather than the more rigorous one of Eq. 


58 


^^Note that we could not do this for hig and /iqi m C 3 as there was only one anti-triplet P. 
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In the limit of unbroken A (27) in fact Hu = H^ = 1 so it is clear that CV is automatically 
conserved for any i/u, Vd- 

Indeed, by using the lA on the Lagrangian we conclude that the only way to build 
CPIs is to keep Yukawa structures that couple to together, and also to keep Yukawa 
structures that couple to H together, as that is the only way to cancel the respective Uu 
and Ud dependence. In addition to combining Hu and H^, one can use just Gu or just 
Gd, but not mix both. 

7.2 Type II NHDM with A( 27 ) triplet fermions 

Continuing from the Type II 2IIDM Yukawa Lagrangian, using the lA it is relatively 
straightforward to generalise the conclusions for an increasing number of scalars. It is 
useful to classify each scalar and their respective Yukawa matrix according to their sector, 
i.e. an hd^■ couples to or an hu^i couples to H. It is in general no longer possible to 
absorb the respective phases into Uu,d- The respective CV conservation requirements 
include 


= g;, , 

(119) 

UlG,„U^ = G;„ , 

(120) 


(121) 


(122) 


which cancel the dependence on phases , pdij■, but as we have seen already CPIs with 
the Hermitian combinations are automatically verihed in unbroken A (27). 

However, it is now possible to build CPIs of the type of Vs by using either 3 different 
Yu^■ or 3 different - without mixing the two sectors. Using the conclusions derived 
for the Lagrangians with 2 triplets (1 triplet and 1 anti-triplet) in Section we can 
extrapolate to this 3 triplet case (1 triplet and 2 anti-triplets). Doing so, we conclude 
that each sector remains automatically CV conserving when coupled to up to any 2 A (27) 
singlets, and can remain automatically CT* conserving when coupled to 3 A (27) singlets 
(if the 3 singlets are one of the 12 special combinations, as discussed in Section]^. If a 
specihc representation is repeated in the up and down sector this still represents 2 helds, 
as they are distinguished by the type II Z 2 symmetry that distinguishes the sectors. On 
the other hand, the 3 singlet representations chosen for the up sector and for the down 
sector need not be the same, so one can couple up to 6 different singlet representations 
without enabling CV violation. Conversely, coupling the triplets to 7 or more distinct 
singlet representations will not allow automatic CV conservation, and the minimal singlet 
content that enables CV violation is 3 singlet representations all in the same sector. 

Recall also that even without additional symmetries, for A(27) triplet Weyl fermions 
one cannot construct QQ^htj, d^d^^hki or due to Lorentz invariance (even though 

the combinations would be A(27) invariant). 

If one continues to generalise this class of Lagrangians to 4 or more triplets the con¬ 
clusion is indeed that we can separately treat each Yukawa-like sector (a distinct triplet 
to anti-triplet pairing). This is because the general CT*matrices appearing for each sector 
are unrelated, and that constrains the types of CPIs that can be built in the lA. In A(27), 
each sector can couple to as many as 3 different singlets before CP violation arises as a 
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possibility. This extends the conclusion derived in Section]^ for Lagrangians with a single 
Yukawa-like sector, £3, £3^ and the 12 special combinations £3^1, (...). 

It is interesting to note that with 3 sectors, which arises as a possibility with 4 or more 
triplets, the full representation content of A(27) with all 9 singlets can be present while 
CVis still automatically conserved. Given that cases with 4 or more triplets no longer 
have a counterpart with the SM quarks, we relegate a more detailed analysis to appendix 
[X} In addition we present some examples of specihc CV transformations in appendix 
which includes an existence proof of CP transformations for a Lagrangian with all the 
irreducible representations of A (27). 

8 Conclusions 

The group A(27) is very interesting from the point of view of CV properties. In this work 
we considered several A (27) invariant Lagrangians with Yukawa-like terms (tri-linears) 
and studied them with the invariant approach. 

Our dual purpose was to demonstrate the usefulness of the invariant approach in 
Lagrangians invariant under discrete family symmetries, and simultaneously to explore 
the CP properties of A(27). The method is independent of the group when the CV- 
odd invariants are constructed, and the group details are needed only to obtain coupling 
matrices in some convenient basis, which can then be used in the CP-odd invariants to 
obtain basis-independent quantities signalling CP violation. 

Starting with simple cases where the held content includes only 1-dimensional rep¬ 
resentations of A(27) (singlets), the invariant approach reveals what are the relevant 
physical phases, which turn out to be specihc relative phases of the complex couplings. 

We then turned to consider Yukawa-like terms involving A(27) triplet and anti-triplet, 
starting with a single 3-dimensional representation (triplet) and progressing to two and 
more triplets, where it becomes helpful to refer to sectors of distinct pairs of triplet and 
anti-triplet. 

The conclusions derived for the two triplet case with one sector are that CP is auto¬ 
matically conserved for Yukawa-like terms involving up to any 2 A(27) singlets and for 
12 special combinations out the total 84 combinations of 3 singlets. The other cases are 
examples of explicit geometrical CP violation. 

Based on these results, the invariant approach allows us to extrapolate for cases with 
three or more triplets. The same type of conclusion holds independently for each sector, 
and therefore with 3 sectors it is even possible to have all 9 A (27) singlets present while 
automatically conserving CP. 

We have therefore completed a fairly exhaustive analysis of unbroken A (27) La¬ 
grangians. The analysis here should provide a useful guide for formulating future realistic 
models in which A (27) is spontaneously broken. However the main motivation was to 
highlight the utility and power of the invariant approach for Lagrangians with discrete 
family symmetries. 
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A Four or more triplets 

The hnal generalisation that we consider is to add more helds transforming as triplet 
representations. Following from the three triplet case with triplet Q and anti-triplets d'’, 

we add another anti-triplet x'^. We continue to assume that each anti-triplet has its 
own sector of A(27) singlets denoted as huf.i, hx^„ due to e.g. an Abelian symmetry. 
Using the lA and considering how CPIs can be constructed we extend the previous results 
to conclude that the relevant CPIs are of type for each sector, dne to the different Ud, 
Uui Ux matrices 

CiQ = YaJQ<F)h,„ + . (123) 

Q ^ u^Q ', 

(f Udd^* , 

n" ^ Uuu'^* , 

x" ^ UxX'^*. (124) 

It is interesting that at 4 triplets (in this case 1 triplet and 3 anti-triplets) we have 
reached a sitnation where CV can be automatically conserved even with helds transform¬ 
ing as each of the 9 A(27) singlets (one example is hd^^, hdo^, hdo 2 , Vo; Vd V 2) 
hx211 hx22)- 

At this stage it should be relatively clear that adding fnrther anti-triplets (...), 

with their own singlet sector, the lA still shows the relevant CPIs to be of I^s fype for 
each sector because of the different Uy, Uz, (...). 

Conversely, the lA also allows to generalise to cases where there are mnltiple triplets 
and multiple anti-triplets. Considering distinct triplets Q, L, and several anti-triplets, in 
general the conclusion depends on how many separate sectors are present, bnt there are 
some subtleties. For example, take the Lagrangian 

A = uyg#)'!*, + , (125) 
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with the usual general transformations for the singlets each with their own phase and 


L ^ UlL *, 

Q UqQ* , 

(f Udd^*, 
u" ^ UuU^* , 

e" ^ UeC^*. (126) 

In this case there are 3 sectors like in C 4 Q, because some additional symmetry distin¬ 
guishes triplets Q and L such that L pairs only with e'^, he^„. Consider instead a situation 
where Q and L couple to the same anti-triplets and singlets, like in the Lagrangian 

Aei =YQ,JQd‘)K., + (127) 

+ Yl^„(Lu‘)K„ + YL^„(Le‘)h^„ + H.c ., 

which has 6 sectors. Note though that while e.g. and Ld'^ appear to be distinct 
sectors, if Qd^ has automatic CV conservation having up to 3 singlets, this applies 
also to Ld^, because the singlets are the same. 

B Specific CV matrices 

It is interesting to compare the lA to the construction of specihc CV transformations for 
Lagrangians of £3 type with any of the singlets 

C = QY,,d^h,,+ {...) +H.c., (128) 



(129) 

(130) 

(131) 

(132) 

(133) 
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/O u 0 \ 

Yu = I/ll 0 0 u^\ , 

\1 0 0 / 

/O 0 a; 2 \ 

^12 = 1/12 I 1 0 0 ) ) 

\0 o; 0 / 

/I 0 0\ 

^20 — 1/20 j 0 ^ ’ 

\0 0 uj 

/O o\ 

>21 = 1/01 0 0 a; , 

Vl 0 oj 

/O 0 a;\ 

>22 = 1/02 I 1 0 0 I . 

\0 0 / 


(134) 

(135) 

(136) 

(137) 

(138) 


For each Yukawa-like term QYijd'^hij we have a CV conservation requirement on the 
Yukawa-like matrix Yij 

UgY^.U.e^P- = Y4 , (139) 


therefore in general the Uq and Ud matrices that respect this requirement are different 
for each Y^j. Within this point of view, the possibility of CP violation arises when it is 
impossible to have even a single set of Uq, Ud and pij transformations that simultaneously 
fulfil the distinct requirements of all Yij that are present in the Lagrangian. Checking 
this can be quite laborious as it should be done with complete generality and indeed 
one of the advantages of the lA is that usually one need not check for the existence 
of such transformations. For illustration purposes we fix for simplicity the respective 
Pij = Uq = 1, and Ud to be diagonal. For these choices we present for each 

Yij the respective Ud 


corresponds to the requirement of the hoo, hoi and ho2 Yukawa-like coupling; 


/I 

0 

A 


0 

1 

0 


Vo 

0 

V 


h, 

01 

and 

ho 2 

A 

0 

0 ^ 

\ 

0 

u 

0 


Vo 

0 


/ 

LO, h 

11 

and 

hi 2 

A 

0 

0 ^ 

\ 

0 


' 0 


\o 

0 

Uj 

1 


(140) 


(141) 


(142) 


corresponds to the requirement of the h 2 o, h 2 i and ^22 Yukawa-like coupling. These 
CP transformations are with loss of generality (e.g. Ud need not be diagonal), but they 
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are still an existence proof of a valid CP transformation for each singlet by itself, and 
for the specihc groups of 3 singlets shown. It naturally agrees with what was obtained 
through the lA for the more general case. For example, we knew already that with a single 
sector QP, these 3 combinations of three singlets belong to the 12 that automatically 
conserve CV. 

Furthermore, with 3 sectors QP, Qu^ and Qx^ we have in addition to Ud also Uu and 
Ux, enabling the possibility to have all 9 A(27) singlets in Yukawa-like terms with triplets 
while automatically conserving CV for any arbitrary (non-zero) complex value of the nine 
Hij. In this 3 sector case with C^q in Eq. 123, an existence proof for 

^3,21, h,j22 follows by keeping pij = Pq = 1 , = 1 and taking 


Uu and Ux respectively as the diagonal matrices appearing in Eq. 141||142 
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